Phone: 1-888-427-9484

SFIVERFINANCIAL 1312 3240367
www spiderfinancial.com Fax: 1-312-238-9092
info@spiderfinancial.com

Cointegration

In time series analysis, we often encounter situations where we wish to model one non-stationary time

series (Y, ) as a linear combination of other non-stationary time series ( X, , X, ,..., X, ;). In other

words:
Yo =By + B X1+ BoXyp +ot B X+

In general, a regression model for non-stationary time series variables gives spurious (nonsense) results.
The only exception is if the linear combination of the (dependent and explanatory) variables eliminates
the stochastic trend and produces stationary residuals.

A +71x1,t +72x2,t +---+7kxk,t ~1(0)

In this case, we refer to the set of variables as cointegrated. It is only in this case that we can look at
regression as a reasonable and reliable model.

In this paper, we'll discuss one important question:
1. How do we examine a set of non-stationary variables for Cointegration?

In future issues, we’ll tackle the topics of long-run and short-run dynamics of cointegrated time series
variables using OLS regression and error correction models.

Motivation
Cointegration means that, while many developments can cause permanent changes in the individual

variable (i.e. Xi ¢ ), there is some long-run equilibrium relation tying the individual variables together,

represented by some linear combination of them.

Why do we care?
Ignoring the cointegration aspect in time series variables may lead to a spurious regression problem,
which occurs if arbitrarily trending and/or non-stationary series are regressed on each other.

1. Inthe case of a deterministic trending series, the spuriously found relationship is due to the
trend governing both series, instead of the economic forces.
2. Inthe case of non-stationarity (of type I (1) ), the series — even without trend — tends to show

local trends, which tend to co-move along for relatively long periods.
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In trading, a trader may buy one security and hedge it with another type of security (e.g. spreads). Such
strategies are based on the belief that two securities are somewhat related and a long-run equilibrium
should exist between them.

In economics and finance, academics use cointegrated variables to test plausible economic
relationships, under the hypothesis of a long-run equilibrium between non-stationary time series (e.g.
disposable income vs. private consumptions).

Background
In a nutshell, cointegration assumes there is a common stochastic non-stationary (i.e. 1 (1) ) process

underlying two (or more) processes X and Y.

Xi=Votniite ~ (D)
Yt :§o+5lzt+77t - I(l)
Zt - I(l)

&1, ~ 1(0)

&,,1, are stationary process ( | (0) ) with zero mean, but they can be serially correlated.

Although, X, and Y, are both non-stationary ( | (@) ), there exists a linear combination of them, which is

stationary:
X = nY, ~1(0)
In other words, the regression of Y and X yields stationary residuals{gt}.

In general, given a set of non-stationary (of type I (1) ) time series variables{X, , X, ,..., X, .}, there

exists a linear combination consisting of all variables with a vector £, such that:
BiXie+ BoXop ot B X ~ 1(0)

Where j; # 0, j=12,...,K . If thisis the case, then the X 'S are cointegrated to the order of C.I(1,1)
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Testing for Cointegration
In principle, testing for Cointegration is similar to testing the linear regression residuals ( &, ) for

stationarity.

let -« +,82X2’t +...+,Bka,t + &,

So, to establish a cointegration relationship, you would run first an OLS regression model for your
variables and test the residuals for stationarity.

Sounds simple? It is. But which variable should we select as the dependent variable? Does it matter? It
turns out that it does matter.

Why? The residuals vary based on which time series is designated as the dependent variable, and the
tests may give different results.

One important test for cointegration that is invariant to the ordering of variables is the full-information
maximum likelihood test of Johansen (aka Johansen test).

Johansen Test
The Johansen test approaches the testing for cointegration by examining the number of independent
linear combinations (K ) for an M time series variables set that yields a stationary process.

Why?
Early in this paper, we stated that cointegration assumes the presence of common non-stationary (i.e.
I (1) ) processes underlying the input time series variables.

Xl,t =a +7121,t +7zzz,t +"'+}/pzp,t +é&;

szt =a, +¢121’t +¢5222’t +...+¢pZ +&,,

p.t
Xm’t =a, wlzn +w222’t +...+1//pr’t + &

The number of independent linear combinations (K ) is related to the assumed number of common non-
stationary underlying processes ( p ) as follows:

p=m-Kk
So, let’s consider three plausible outcomes:

1. k=0, p=m In this case, time series variables are not cointegrated.
2. 0<k<m,1< p<m.lInthis case, the time series variables are cointegrated.
3. k=m, p=0.All time-series variables are stationary ( | (0) to start with. Cointegration is not

relevant here.
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By examining the number of independent combinations, we are indirectly examining the cointegration
existence hypothesis.

The Johansen test has two forms: the trace test and the maximum eigenvalue test. Both forms/tests
address the Cointegration presence hypothesis, but each asks very different questions.

Trace Test

The trace test examines the number of linear combinations (i.e. K ) to be equal to a given value (K ),

and the alternative hypothesis for K to be greater than K

H,:K=K,
H,: K>K,

To test for the existence of Cointegration using the trace test, we set K, =0 (no cointegration), and

examine whether the null hypothesis can be rejected. If this the case, then we conclude there is at least
one cointegration relationship.

In this case, we need to reject the null hypothesis to establish the presence of Cointegration between
the variables.

Maximum Eigenvalue Test
With the maximum eigenvalue test, we ask the same central question as the Johansen test. The
difference, however, is an alternate hypothesis:

H, K=k,
H,:K=k,+1

So, starting with K, = 0 and rejecting the null hypothesis implies that there is only one possible

combination of the non-stationary variables to yield a stationary process. What if we have more than

one? The test may be less powerful than the trace test for the same K values.

A special case for using the maximum eigenvalue test is when K, = m—1, where rejecting the null

hypothesis implies the existence of m possible linear combinations. This is impossible, unless all input
time series variables are stationary ( 1 (0) ) to start with.
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In NumXL, the Johansen test combines these two test forms to examine the cointegration assumption:

- Trace Testfor K, =0

- Maximum Eigenvalue Test for K, =m-1

To establish the existence of cointegration in a set of time series variables, we wish to reject the trace

test null hypothesis (K = 0) and not reject the null hypothesis of the maximum eigenvalue test (

K,=m-1).

Now, let’s go over the steps for conducting a cointegration test in NumXL.

Step 1:

Organized your input time series data as adjacent columns. Each column represents one variable and

each row corresponds to an observation.

A B C ] E F ] H I
1 Mask 1 1 1 1 1 1 1 1
2 |Date Illines  Indiana KentuckyMichigan Ohic ‘nnsyvlan Tennesse WestVirginia
3 | lan-1982 283 99 565 120 312 481 92 697
4 | Feb-1982 282 ¥ 558 121 309 472 92 693
5 | Mar-1982 277 10 560 117 306 475 96 696
6 | Apr-1982 280 106 563 114 310 487 98 )
7 | May-1982 280 108 545 110 314 476 97 B&7
& | Jun-1982 273 108 545 103 315 471 97 653
9 | Jul-1982 274 108 518 100 309 458 93 640
10 | Aug-1982 269 105 509 97 296 447 91 623
11 | Sep-1982 263 104 505 95 303 455 g9 601
12 | Oct-1982 260 103 506 92 295 445 88 581
13 | Now-1982 256 10 491 87 2B6 421 BE 551
14 | Dec-1982 251 100 472 93 282 390 85 525
15 | lan-1983 236 93 435 BE 266 389 77 459
16 | Feb-1983 233 92 428 81 254 358 76 483
17 | Mar-1983 238 95 420 g2 250 379 77 450
15 | Apr-1983 243 6 413 84 251 384 80 4532
19 I May-1983 244 97 418 91 255 387 80 486
20 | Jun-1983 245 98 415 o4 269 399 80 487
21 | Jul-1983 253 100 420 92 272 400 77 474
22 | Aug-1583 250 100 422 96 272 397 79 480
23 | Sep-1983 251 10 426 95 273 403 81 487
24 | Oct-1983 251 ¥ 424 o4 275 400 81 485
25 | Now-1983 253 ¥ 426 95 276 398 80 486
26 | Dec-1983 245 6 427 g9 273 389 80 482
Step 2:

Locate the cointegration test icon in the NumXL menu or toolbar and click on it.
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H ©- :
FILE HOME  INSERT  PAGELAYOUT  FORMULAS  DATA  REVIEW

BN = N W 7

DESC |PSTAT Correlogram = Tranform Outliers | Resample

STAT - TEST = -
SU A& Mormality Test 1 Modeling
BT
025 | ¢
¥ Multi-collinearity test
F G H 1
1 |Mas #= Regression stability test (Chow test) 1 1 1 1
2 |Dat W% White-noise Test Ohio  nnsyvlan Tennesse West Virgini
3 | Jar 312 481
4 | Fep "™ ARCH effect Test 300 472
5 | Ma| [/ Stationary Test 306 475
6 | Apl 310 487
7 | Ma i 314 476
8 | lur ¢ Cointegration Test 315 471
9 | Julizez s o -] B 309 458
Step 3:

Using the cointegration wizard, select your input variables. The selection may include column labels.

= s’

General IDpﬁuns | Missing Values |

Input Data I Sheet1! $B52:415175 J
¥ Ascending

Mask I | J

Significance

Level 0.05

Qutput I $5$19

Note: The “Mask” field is used to exclude variable/columns from the analysis without changing your
input data in the worksheet. In our tutorial, we want to include all of them, so we can leave it blank.

After we select the input data, the “Options” and “Missing Values” tabs are enabled.

Step 4: (Optional)
Initially, all Johansen tests are selected and a maximum lag order is calculated from the input data, but
you can override any of those options as you see fit.
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,

General Options IMissing Values I

— Tests — Scenarios
¥ Trace Test ¥ Mo Deterministic Terms
[w Maximum Eignvalue Test ¥ Constant/Intercept
¥ Constant and Time Trend

Max Lag Order I il ﬂ

Let’s leave it unchanged.

Step 5: (Optional)

If your input data does not have any missing values, you may skip this step.

|

General | Options  Missing Values I

* iDon't accept Missing Values |

™ Replace Missing Value with ™ Interpolate Mizsing Values

{* Mean {*' Flat Forward " Linear

" Media
Median " Flat Backward " Cubic Spline

By default, the cointegration wizard will trigger an error if any of the variables has a missing value. This is
acceptable for this tutorial.

Click the “OK” button.
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I K L M M a F

lohansen Test

Test Stat CV. Passed? | 5086
Trace Test (r=0) L] r=0

No Const  193.0 1437 TRUE

Const-Only =~ 2275 1585 TRUE

Const + Trend | 306.2 175.2 TRUE

Maximum Eigenvalue Test(r=7) 7 r=8
No Const 10 41 FALSE
Const-Only 41 3.8 TRUE
Const + Trend 25 3.8 FALSE

When examining the output tables, keep this in mind:

- Under the trace test, we asked whether there’s at least one possible linear combination for the
input variables to yield a stationary process. We examined this question under different
assumption for the input variable, and they all passed. Thus, we can conclude that the variables
are cointegrated.

- Next, under the maximum eigenvalue test, we want to be sure that the number of linear
combinations does not equal the number of input variables. Why? Because if they do, the input
variables are stationary to start with, and cointegration is not relevant. Again, we carry on the
test under different assumptions for the input variables. In this example, they all failed the test
aside from one scenario, which passed marginally.

In conclusion, we would state that the input variables are cointegrated.

Now what? You may use OLS regression for one variable using the other variables without the risk
of getting into a spurious regression problem.
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